In this paper, by comparing the time scales associated with the velocity relaxation and correlation time of the random force due to dust charge fluctuations, memory effects in the velocity relaxation of an isolated dust particle exposed to the random force due to dust charge fluctuations are considered, and the velocity relaxation process of the dust particle is considered as a non-Markovian stochastic process. Considering memory effects in the velocity relaxation process of the dust particle yields a retarded friction force, which is introduced by a memory kernel in the fractional Langevin equation. The fluctuation-dissipation theorem for the dust grain is derived from this equation. The mean-square displacement and the velocity autocorrelation function of the dust particle are obtained, and their asymptotic behavior, the dust particle temperature due to charge fluctuations, and the diffusion coefficient are studied in the long-time limit. As an interesting feature, it is found that by considering memory effects in the velocity relaxation process of the dust particle, fluctuating force on the dust particle can cause an anomalous diffusion in a dusty plasma. In this case, the mean-square displacement of the dust grain increases slower than linearly with time, and the velocity autocorrelation function decays as a power-law instead of the exponential decay. Finally, in the Markov limit, these results are in good agreement with those obtained from previous works for Markov (memoryless) process of the velocity relaxation.
I. INTRODUCTION
Dust particles in a dusty plasma acquire a net electric charge by collecting electrons and ions from the background plasma. The dust grain charge fluctuates in time because of the discrete nature of charge carriers 1 . Electrons and ions arrive at the dust surface at random times. For this reason, the charge fluctuates. These fluctuations always exist even in a steady-state uniform plasma 2 . Dust charge fluctuations have been investigated by many researchers [3] [4] [5] [6] [7] [8] [9] . In a dusty plasma, there are many phenomena that dust charge fluctuations can be considered as a reason for them such as heating of dust particles system [10] [11] [12] , instability of lattice oscillations in a low-pressure gas discharge 13, 14 , and the formation of the shock waves in dusty plasmas 15 . Also, the motion of dust particles under the influence of the random force due to dust charge fluctuations has been investigated in some studies [16] [17] [18] . In these studies, the motion of dust particles has been modeled by Brownian motion based on the Fokker-Planck or Langevin equations, assuming that dust charge fluctuations are fast. It means that the relaxation timescale for charge fluctuations is much shorter than the relaxation time for the dust velocity; hence, they have considered the stochastic motion of dust particles as a Markov process with no memory. It means that the stochastic motion of the dust after the time t is entirely independent of its history before the time t, i.e., the dust particle has no memory of the past.
The values of the relaxation timescale for dust charge fluctuations and the dust velocity entirely depend on the a) Electronic mail: z.ghannad2020@gmail.com b) Electronic mail: hakimipajouh@gmail.com dusty plasma parameters. For example, Hoang et al. 19 showed that the relaxation time of dust charge fluctuations τ c is comparable to the relaxation time of the dust velocity τ r , i.e., τ c ≈ τ r for very small dust particles with radius a 5 × 10 −8 cm in the interstellar medium. In addition to space dusty plasmas, in laboratory dusty plasmas depending on the plasma parameters, such as pressure or density of the neutral gas, τ c is comparable to τ r . As a result, in such situations, the main assumptions of fast charge fluctuations and the Markov process for the velocity relaxation of the dust particle become inappropriate. Thus, memory effects are important in the velocity relaxation of dust particles as a non-Markov process, and they cannot generally be neglected.
In this paper, we study memory effects in the velocity relaxation of the dust particle exposed to the random force due to charge fluctuations. We present an analytic model based on a fractional Langevin equation. We will show that in the presence of memory effects in the velocity relaxation, dust charge fluctuations can cause an anomalous diffusion of the dust particle in a dusty plasma. The anomalous diffusion of dust particles has been experimentally observed in laboratory dusty plasmas 20, 21 , and our research provides a possible reason for this behavior based on the memory effects. It is important to note here that the diffusion of a dust particle means a process of random displacements of a dust particle in a specified time interval.
The paper is organized as follows. In section II, we introduce major timescales characterizing dynamics of the dust particle. In section III, a model based on the fractional Langevin equation is presented and solved using the Laplace transform technique. In section IV, we calculate the mean-square displacement and the velocity autocorrelation function of the dust grain. Section V is arXiv:1704.07980v1 [physics.plasm-ph] 26 Apr 2017 devoted to the analysis of the asymptotic behavior of the results. Section VI contains summary and conclusions.
II. TIMESCALES
Let us consider an isolated spherical dust particle in the sheath, and study the relaxation timescales of dust charge fluctuations and the dust velocity. The particle is charged by collecting electrons and ions from the plasma. The particle charge fluctuates about the steadystate value because of the discrete nature of the electron and ion currents 2 . It was shown that the autocorrelation function of dust charge fluctuations has the following form
where δZ(t)=Z(t)-Z 0 , Z(t) is the instantaneous charge, Z 0 is the steady-state (equilibrium) charge, δZ 2 is the square of the amplitude of random charge fluctuations, and charging frequency β is defined as the relaxation frequency for small deviations of the charge from the equilibrium value Z 0 . For the isolated dust particle under the condition a λ D λ mfp , where a is the dust radius, λ D is the screening length due to electrons and ions, and λ mfp is the mean free path for electron-neutral or ion-neutral collisions, the charging frequency can be calculated by using the orbital-motion-limited (OML) theory
where
2 n e v T e exp Ze 2 /aT e is the electron flux to the particle surface, v T i(e) = T i(e) /m i(e) 1/2 is the ion (electron) thermal velocity, T i(e) , m i(e) , and n i(e) are ion (electron) temperature, mass, and number density, respectively, z=|Z|e 2 /aT e is the absolute magnitude of the particle charge in the units aT e /e 2 , λ Di = T i /4πe 2 n i is the ionic Debye radius, and ω pi =v T i /λ Di is the ion plasma frequency.
Let us now consider an isolated dust particle with fluctuating charge in the sheath. To separate the dust particle transport due to dust charge fluctuations from other processes, which in turn can influence the dust motion in the plasma sheath, we only consider the gravitational, electric field, and neutral drag forces on the dust. We hence neglect the ion drag, electron drag, and thermophoretic forces, collisions between dust particles, and other processes, which can be included in more realistic models 23 . The motion of this dust particle is treated as a stochastic process because of the stochastic nature of the force due to dust charge fluctuations, and it can generally be modeled by a normal Langevin equation of the form
where v(t) is the velocity of the dust particle, −γv(t) is the neutral drag force per unit mass,γ is the damping rate due to neutral gas friction, ξ(t) is the stochastic Langevin force per unit mass due to collisions with the neutral gas molecules, and f (t) is the random force per unit mass representing the effect of dust charge fluctuations. Here, the forces acting on a dust are the electric force due to the sheath electric field, the gravitational force, and the stochastic Langevin force, i.e., F (t)=F Z (t)+F g +ξ(t). The electric force is given by F Z (t)=eEZ(t), where Z(t)=Z 0 +δZ(t) is the instantaneous dust charge, and E is the electric field. Note that, for simplicity, we have neglected the fluctuations of the electric field. The force can be written as F (t)=F 0 +f (t)+ξ(t), where F 0 =eEZ 0 +F g . Thus, the random force due to dust charge fluctuations has the following form
In a steady state eEZ 0 +F g =0, so that F (t)=f (t)+ξ(t). By using Eqs. (4) and (1), one can see that the random force due to dust charge fluctuations per unit mass has following properties
where m d is the dust particle mass. The stochastic Langevin force per unit mass has following properties
where S n is the intensity of the stochastic Langevin force. By solving the Eq. (3), the dust velocity is obtained in the following form
then, mean-square velocity is obtained in the form of
Then, by using the fact that the stochastic Langevin force and the random force due to dust charge fluctuations come from different sources; therefore, they are uncorrelated and independent, so that
then by substituting in Eq. (8) , and using Eqs. (5) and (6), we obtain
By taking the integral and applying the limit t → ∞, we obtain the long-time behavior of the mean-square velocity in the following form
The mean-square velocity in long-time limit is representative of the dust temperature
therefore, from Eq. (10), one can see that the dust temperature has two part. One part is due to collisions with the neutral gas molecules, T n , and another part is due to dust charge fluctuations, T f , so that
Note that since we want to study the role of dust charge fluctuations in the dust particle transport, we neglect the stochastic Langevin force, and we assume that the random force due to dust charge fluctuations is important. Therefore, in the absence of stochastic Langevin force (ξ(t)=0), T d =T f , and the Langevin equation Eq. (3) reduces tov
Now, we study the major timescales characterizing dynamics of the charged grain. First, we introduce a dimensionless parameter , which characterizes memory effects in the velocity relaxation for stochastic processes (15) where τ r is the relaxation time of the velocity, τ c is the correlation (relaxation) time of the random force,
is the velocity autocorrelation function (VACF), and C f (t)= f (0)f (t) is the random force autocorrelation function. In general, stochastic processes are classified into two types of Markov and non-Markov processes based on the timescales 24,25 :
• A stochastic process is said to have memory effects in the velocity relaxation, if its relaxation time of the velocity is comparable to the relaxation time of the random force, i.e., τ r ≈ τ c . Then, according to Eq. (14), we find that ≈ 1. In this situation, the stochastic process is called a non-Markov process with memory effects in the velocity relaxation. The memory in the velocity means that the velocity of the particle at the current time depends on its velocity at all past times.
• However, the situation τ r τ c corresponds to a memoryless behavior, meaning that the velocity at the current time is entirely independent of the velocity at all past times. In this case, the stochastic process is called a Markov process, and according to Eq. (14), we find that → ∞.
Let us calculate the relaxation timescales for the dust velocity and the random force. We obtain the dust velocity from Eq. (13) in the following form
Multiplying Eq. (16) by v(0), and performing an appropriate ensemble average ... , and by using v(0)f (t) = 0, we obtain
then, by substituting Eq. (17) into (15), we find
The random force autocorrelation function is obtained by substituting t = 0 into Eq. (5)
then, by substituting C f (t) into Eq. (15), one finds
When the damping rate of the neutral gas is much smaller than the dust charging frequency, i.e., γ β, the stochastic process for the velocity v(t) of the dust particle can be considered as a Markov process, and memory effects in the velovity relaxation can reasonably be neglected. In this case, the Langevin equation (Eq. (13)) is appropriate for the description of the dust motion under the influence of the random force due to charge fluctuations. In general, the values of the damping rate and the charging frequency entirely depend on the plasma parameters. For example, we consider three different types of plasmas with neon, argon, and krypton neutral gases, and estimate the values of γ and β using typical experimental values for various parameters. We assume the neutral gases at room temperature and in the range of pressures 0.5-1.0 Torr. We also assume T e =4 eV, T e /T i =40, n i =10 8 cm −3 , and the silica dust particle with radius a=0.5 µm and the mass density ρ=2 g/cm 3 . For neon, argon, and krypton neutral gases with T e /T i =40, the absolute magnitudes of the dust charge are z ∼2.6, 2.8, and 3.2, respectively 22, 26 . With the given parameters, we calculate the charging frequency from Eq. (2). The values of the relaxation time of the random force due to dust charge fluctuations τ c =β −1 (in seconds) are listed in the last column of Table I .
To calculate the timescale τ r from Eq. (18), we first need to find the damping rate. When the neutral gas mean free path is long compared to the dust grain radius, it is appropriate to use the Epstein drag force to calculate γ 27, 28 . The mean free path values of neon, argon, and krypton atoms at the maximal pressure used (1.0 Torr) are approximately equal to 92, 60, and 40 µm, respectively. These are about 184, 120, and 80 times larger than the dust grain radius (0.5 µm). Thus, the damping rate is given by the Epstein formula
where m g , T g , P are the mass, temperature, and pressure of the neutral gas, respectively. The parameter δ is 1 for specular reflection or 1.39 for diffuse reflection of the neutral gas atoms from the dust grain 27, 28 . We use δ=1.39 and the given parameters to calculate the damping rate from Eq. (20) . The relaxation time values of the dust velocity τ r =γ −1 (in seconds) are tabulated in Table I for each gas at various pressures. As shown in Table I , with increasing the pressure (or equivalently increasing the density) of the neutral gas, the relaxation time of the dust velocity becomes comparable to the relaxation time of the random force. Thus, in this situation, the assumption of the fast rate for charge fluctuations becomes inappropriate, and memory effects in the velocity of the dust particle cannot be neglected. As a result, the normal Langevin equation becomes inappropriate for the description of the dust motion because this equation is built on the Markovian assumption with no memory. When τ r becomes comparable to τ c , the memory effects in the relaxation of the dust velocity become important, because at the times of the same order of τ c , the random forces due to dust charge fluctuations are correlated. As a result, the velocity of the dust particle at the current time depends on its velocity at past times, and it means that the process of the dust velocity relaxation is retarded, and these retarded effects (or equivalently memory effects) are characterized with memory kernel in the friction force within Langevin equation. Now, this equation with retarded friction is called the fractional Langevin equation. Hence, the fractional Langevin equation is built on the non-Markovian assumption, while the Langevin equation without the existence a retarded friction is built on the Markov assumption. Note that, as shown in Table I , we study the regime τ r ≈ τ c not τ r τ c , because in the regime τ r τ c , the damping rate of the neutral gas is very high and the kinetic energy transferred to the dust (due to charge fluctuations) is totally dissipated by friction with the neutral gas, as mentioned in Ref. [10] . 1.5×10
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In the next section, we introduce a model based on fractional Langevin equation for the evolution process of the dust particle as a non-Markov process with memory effects in the velocity.
III. BASIC EQUATION AND FLUCTUATION-DISSIPATION THEOREM
Now, we consider memory effects in the velocity relaxation of an isolated dust particle exposed to the random force due to dust charge fluctuations. We model the motion of the dust grain based on the fractional Langevin equation (FLE) because this equation includes a retarded friction force with a memory kernel function, which is non-local in time, and shows memory effects in the velocity relaxation of the dust particle. The FLE is as follows
where 0< α <1, and Γ(1 − α) is the gamma function. γ is the scaling factor with physical dimension (time) −2 , and must be introduced to ensure the correct dimension of the equation. We defineγ = (τ r τ c ) −1 , so that for α=1, and according to the Dirac generalized function, δ(t−t )=|t−t | −1 /Γ(0) 30 , Eq. (21) reduces to the normal Langevin equation (13) .
Equation (21) can be rewritten in the following forṁ
is often called the memory kernel function. It is interesting to know that the name fractional in the fractional Langevin equation originates from the fractional derivative, which is defined in the Caputo sense as follows
consequently, the fractional Langevin equation readṡ
therefore, the name fractional Langevin equation is confirmed. Now, we need to derive a suitable relation between the memory kernel and the autocorrelation function of the random force. To this end, we first define the Fourier transforms for the velocity and random force as follows
Using Eq. (25) and taking the Fourier transform of Eq. (22) yields
where γ(ω), defined by γ(ω) = ∞ 0
γ(t) e iωt dt, denotes the Fourier-Laplace transform of the memory kernel γ(t).
The velocity autocorrelation function is defined by the formula: (27) where θ is the time interval for the integration. Generally, the power spectrum S(ω) and the autocorrelation function of a stochastic process C(τ ) are related by the Wiener-Khintchine theorem
By substituting C v (τ ) from Eq. (27) into (28a) and using Eq. (25), we obtain the velocity power spectrum as
then, by using Eq. (26), we obtain the relation between the power spectrums of the velocity and random force
where S f (ω)=lim θ→∞ 1 θ |f (ω)| 2 is the power spectrum of the random force. Note that Eq. (30) was obtained by using the fractional Langevin equation for the non-Markov velocity process. In the same way, we obtain the relation between the power spectrums of the velocity and random force for the Markov velocity process by using the normal Langevin equation in the following form
When the power spectrum of the random force S f (ω) is given, the above equation yields the velocity power spectrum S v (ω) from which the VACF is obtained by Eq. (28b). If VACF should include the velocity in the thermal equilibrium (i.e., at sufficiently long times), S f (ω) is required to satisfy a special condition. Now, we obtain this condition. In the long-time limit (|t − t | τ c ), the autocorrelation function of the random force obtained from Eq. (5) reduces to the following form
then, by using Eq. (28a), the force power spectrum reads
The mean-square velocity v 2 can be evaluated by substituting τ =0 into Eq. (27) .
Thus, by using Eqs. (33), (31) , and (28b), one finds
As we mentioned before, the mean-square velocity in the long-time limit (the equilibrium velocity) is representative of the dust temperature
Thus, by using Eqs. (34) and (35), the special condition for the power spectrum of the random force S f (ω) is obtained by
It is important to note that this condition, i.e., Eq. (36), was obtained by using Eq. (31) for the Markov velocity process. For the non-Markov velocity process given by the FLE , the relation between the power spectrums of the velocity and random force is given by Eq. (30) instead of (31); hence, the condition for the power spectrum S f (ω), in this case, is a generalization of Eq. (36) as follows
then, by using Eqs. (25), (28a), and (37), we obtain
where f * (ω ) is the complex conjugate of the function f (ω ). Therefore, we obtain the relation between the autocorrelation function of the random force and the memory kernel by using the inverse Fourier transform of Eq. (38)
We call this the fluctuation-dissipation theorem for the dust particle because dust charge fluctuations (S f ∝ δZ 2 , according to Eq. (33)) are necessarily accompanied by the friction (γ in the denominator). It is important to note that in FLE, we have normalized the time |t − t | to the correlation time τ c . The reason for this can be found from the fluctuation-dissipation theorem. According to Eq. (23), for |t − t | τ c , the memory kernel relaxes to zero. Consequently, by using the fluctuationdissipation theorem, f (t)f (t ) relaxes to zero. Thus, the characteristic time of the memory relaxation is the correlation time of the random force due to charge fluctuations. Now, we solve Eq. (22) for the dust velocity with the initial conditions x 0 =x(0) and v 0 =v(0), by using the Laplace transform technique. We obtain
where v(t) =v 0 g(t) is the mean dust velocity, and the function g(t) is the inverse Laplace transform of
whereγ(s)=γ (τ c s) α−1 is the Laplace transform of the memory kernel γ(t), and the Laplace transform of the function f (t) is defined byf (s)= ∞ 0 f (t)e −st dt. To find the function g(t), we first need to introduce the MittagLeffler (ML) function E α (at α ) as follows
The ML function is a generalization of the exponential function. For α=1, we have the exponential function, E 1 (at)=e at . The Laplace transform of the ML function is given by
Thus, by using Eqs. (41) and (43), one finds
The dust particle velocity is the derivative of the dust position. Therefore, the position of the dust particle is obtained by
where x(t) =x 0 + v 0 G(t) is the mean dust particle position, and G(t)= t 0 g(t )dt . To calculate the function G(t) in terms of the ML function, we use the following identity
is the generalization of the ML function that for β=1 reduces to Eq. (42), i.e., E α,1 (at α )=E α (at α ) 37 . Then, by using Eqs. (44), (46), and also using g(t)=dG(t)/dt, one reads
It is worth mentioning that the functions G(t) and g(t) help us find the mean-square displacement (MSD) and the velocity autocorrelation function of the dust particle.
In the next section, we evaluate the MSD and VACF for the dust particle.
IV. MEAN-SQUARE DISPLACEMENT AND VELOCITY AUTOCORRELATION FUNCTION
Below, we calculate two diagnostics to characterize the random motion of the dust particle due to random charge fluctuations. The first diagnostic is MSD, and it is the most common quantitative tool used to investigate random processes. The MSD of a dust particle is defined by the relation
2 is the variance of the displacement, and ... denotes an average over an ensemble of random trajectories. By using Eqs. (45), (39) , and (34), we have
Using the double Laplace transform technique 38, 39 , and after some calculations, we obtain the following expression for the variance
The function I(t) is obtained from Eqs. (46) and (48) as follows
By substituting Eq. (51) into (49), and using x 0 = 0 and
then, from Eqs. (48) and (52), we get
(54) The second diagnostic, VACF, is the average of the initial velocity of a dust particle multiplied by its velocity at a later time. To calculate the VACF of the dust grain, we first calculate the double Laplace transform v(s)v(s ) of the function v(t)v(t ) , and we obtain
wherev (s),ĝ(s), andĜ(s) are Laplace transforms of v (t), g(t), and G(t), respectively. Taking the inverse double Laplace transform of Eq. (55) yields
therefore, by substituting t =0 into Eq. (56), the VACF can be written as
By substituting α=1 into Eq. (57), we obtain
which corresponds to the function C v (t) in Eq. (17) obtained by the Langevin equation (13) . As we expected, the velocity autocorrelation function of dust particle decays exponentially with time for the memoryless case.
V. ASYMPTOTIC BEHAVIORS
In order to gain physical insight, we investigate the long-time behavior of the MSD and VACF. We first study the asymptotic behavior of the function g(t) for t τ c . The asymptotic behavior of the Mittag-Leffler functions is given by
By using Eqs. (59) and (44), we have
Also, by using Eqs. (60), (48), and (52), we read
and
To calculate the dust temperature due to charge fluctuations, by substituting t =t into Eq. (56); then, by using Eq. (61), we obtain
We observe that a slow power-law decay like t 2α−4 for the mean-square velocity. In the long-time limit, by applying t τ c to Eq. (64), we obtain the temperature of the dust particle as follows
which coincides with the temperature obtained from the Markov velocity process 10 . To find the long-time behavior of the MSD and VACF of the dust particle, without loss of generality, we can choose the initial conditions in the following form
where v 2 0 is the mean-square velocity in the thermal equilibrium given by Eq. (34) . Thus, by using Eqs. (53), (66), and (63), MSD can be written as The MSD obtained from Eq. (67) is a nonlinear function of time because the exponent α takes the values 0 < α < 1. It implies that fluctuating force by considering memory effects in the velocity relaxation of the dust particle leads to the anomalous diffusion of the dust particle. We emphasize here that the diffusion of a dust particle means a process of random displacements of a dust particle in a specified time interval. In Figure 1 , we display the curves x 2 (t) for the values α=0.25, 0.5, and 0.75. For the given parameters α, the MSD increases asymptotically slower than linearly with time (the signature of anomalous diffusion).
Diffusion coefficient for the anomalous diffusion processes is given by the generalized Green-Kubo relation in the following form
where D α is often called the generalized diffusion coefficient, and 0 D 
Generalized diffusion coefficient can easily be obtained by the Laplace transform of Eq. (68). The Laplace transform of the Riemann-Liouville fractional integral is given by
then, by using
and using Eq. (68), we find
The functionĈ v (s) is obtained by using Eqs. (57), (41) , and (66) as followŝ
therefore, by substituting Eq. (71) into (70), we find the generalized diffusion coefficient of the dust particle
which has a physical dimension (length) 2 /(time) α . Moreover, using Eqs. (57), (61), and (66), the longtime behavior of the velocity autocorrelation function of the dust particle can be written as
Thus, the function C v (t) for long times exhibits a powerlaw decay instead of the exponential decay [see Eq. (17)]. The power-law decay can obviously be seen in Figure 2 that we show the curves C v (t) for the values α=0.25, 0.5, and 0.75. For the given values of the parameter α , the function Γ(α − 1) is negative, and the curves C v (t) have a negative tail at all times, C v (t) < 0. As we mentioned, the function C v (t) is the average of the velocity of a dust particle at the time t multiplied by its velocity at a later time. When C v (t) is negative, this means that there are anti-correlations between the dust particle velocities at the time t and the later time t + t , i.e., the diffusing dust particle tends to change the direction of its motion and goes back, which indicates an anti-persistent motion for the dust particle. In other words, the motion of the dust particle in a direction at the time t will be followed by its motion in the opposite direction at the later time, and the dust particle prefers to continually change its direction instead of continuing in the same direction; as a result, the diffusion of the dust grain is slower than normal case in normal diffusion.
As we expected, in the very long times limit, the velocity autocorrelation function of the dust particle decays to zero. It can also be seen by applying the limit t → ∞ to Eq. (73), and this result is consistent with the result C v (t) → 0 obtained from Markov dynamics (by applying the limit t → ∞ to C v (t)=v limit) obtained from non-Markov and Markov dynamics can be understood as follows. As we showed, at the times of the order of τ r ≈ τ c , memory effects in the velocity relaxation process of the dust particle become important, and their effects yield to power-law behavior for MSD and VACF. However, in very long times, i.e., when the observation time t is much longer than all characteristic time scales including the correlation time of the random force due to dust charge fluctuations τ c and the relaxation time of the dust velocity τ r , there are no longer the memory effects in the velocity of the dust particle, and the dynamics of the dust particle in the very long times limit is a Markov dynamics with no memory effects in the velocity. Therefore, as in Markov dynamics in the limit t → ∞, the function C v (t) goes to zero, the function C v (t) obtained from Eq. (73) in the limit t → ∞ approaches to zero.
VI. SUMMARY AND CONCLUSIONS
We have studied memory effects in the velocity relaxation of an isolated dust particle. First, we have compared the relaxation timescales of the fluctuating force and the dust velocity, and have shown that they can be of the same order of the magnitude, depending on the plasma parameters. Thus, the fast charge fluctuations assumption does not always hold, and memory effects in the velocity relaxation should generally be considered. We have developed a model based on the fractional Langevin equation for the evolution of the dust particle. Memory effects in the velocity relaxation of the dust particle have been introduced by using the memory kernel in this equation. We have derived a suitable fluctuation-dissipation theorem for the dust grain, which relates the autocorrelation function of the random force to the memory kernel. Then, the fractional Langevin equation has been solved by the Laplace transform technique, and the mean-square displacement and the velocity autocorrelation function of the dust grain have been obtained in terms of the generalized Mittag-Leffler functions. We have investigated the asymptotic behaviors of the MSD, VACF, generalized diffusion coefficient, and the dust temperature due to charge fluctuations in the long-time limit. We have found that in the presence of memory effects in the relaxation of the dust velocity, dust charge fluctuations can cause the anomalous diffusion of the dust particle, which has been experimentally observed in laboratory dusty plasmas 20, 21 . In this case, the mean-square displacement of the dust grain has a nonlinear dependence on time, and the velocity autocorrelation function decays as a powerlaw instead of the exponential decay.
